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In this paper, the complex version KdV equation is discussed. The corresponding coupled
equations is a integrable system in the sense of the bi-Hamiltonian structure, so the complex version
KdV equation is integrable. A new spectral form is given, the periodic solution of the complex
version KdV equation is obtained. It is showed that the periodic solution is the classical solution.
I. INTRODUCTION
Since 80’s, the coupled KdV equations as an important mathematical model has been studied widely. In 1981,
Fuchssteiner[1] made a detailed study of four coupled KdV equations and gave the bi-Hamiltonian structure of them.
One coupled KdV equations is the complexly-coupled KdV equations
ut = uxxx + 6uux + 6ϕϕx,
ϕt = ϕxxx + 6uϕx + 6uxϕ.
(1)
Later, Oevel[2] pointed out that ”......inserting a complex ansatz u + iϕ into the KdV......it is a complex version of
the KdV......” and the complex version of the KdV poses two conservation laws in every order. On the following
day, Hirota and Satsuma introduced a coupled KdV equations[3], the integrability of the equations was discussed by
the bi-Hamiltonian structure[1,2] and Lax pair[4]. Recently, more coupled KdV equations and their bi-Hamiltonian
structure has been presented [5,6].
In this paper, the complex version KdV equation is considered,
ut + αuux + βuxxx = 0, (2)
where x is a one-dimension space, t is a one-dimension time, α and β are coefficients, which play important role
in our numerical results, u(x, t) = p(x, t) + iq(x, t) is an unknown variable, p(x, t) is the real part of u(x, t), q(x, t)
is the imaginary part of u(x, t). Extending the lax pair of the KdV equation to complex field, L = −D2 + p + iq,
M = 6(p + iq)D − 4D3 + 3px + 3iqx, the complex version KdV equation can be derived from the lax equation
Lt = [M,L]. And the complex lax pair binds with the complex potential scattering and inverse scatting problem
of the schro˝dinger equation, which had been studied in a optical problem[7]. Here, let α = β = 1, substituting the
u(x, t) = p(x, t) + iq(x, t) into the equation(2), separating the real part and the imaginary part from the equation(2),
a coupled KdV equations is obtained
pt + pxxx + ppx − qqx = 0,
qt + qxxx + pqx + pxq = 0.
(3)
The equations(3) are equal to the equation(2) completely and has a little of differences with the Fuchssteiner’s
equation(1). Under the transformation: p → 6u, q → 6iφ, x → −x, the equation(3) are exactly equivalent to
equation(1).
II. METHOD DESCRIBING AND THE PERIODIC SOLUTION
In general, the nonlinear evolution equation is written as ut(x, t) = F (u(x, t), ux(x, t), . . .), here F (u) is a non-linear
function of u(x, t), ux(x, t), . . . , which is a nonlinear operator involving only the spatial derivatives. Take the Fourier
expansion,
u(x, t) =
∞∑
n=−∞
un(t)e
iknx (4)
where kn = 2nπ/L and L is a period interval in space. Let expression (4) come in with ut(x, t) = F (u(x, t)), receive
the infinite reference ordinary differential equations(ODE), which is highly nonlinearity and complexity in nature, the
exact solutions of the ODEs can’t be obtained.
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In this paper, a new spectral form is given, expanding u(x, t) on the sub-set of Fourier basis {eiknx, n = 0, 1, 2, ...},
namely,
u(x, t) =
∞∑
n=0
un(t)e
iknx (5)
where kn = 2nπ/L. Substitute the formula (5) into ut(x, t) = F (u(x, t)), thus
∞∑
n=0
dun
dt
eiknx = F (u). (6)
Multiplication of equations (6) by e−ikmx, and integration over a period 2π/L gives
∞∑
n=0
amn
dun
dt
= pm(u), (7)
where amn = δmn, pm(u) =
L
2π
∫ 2π/L
0 F (u)e
−ikmx dx. Apparently, the equation(5) with (6) and (7) reduces to a
ordinary differential equations,
dum
dt
= pm(u) for m = 0, 1, 2, · · · , (8)
where pm is a function of the um , for the KdV equation F (u) = −[αuux + βuxxx], the (8) can be worked explicitly
out,
dum(t)
dt
= iα
m∑
k,l=0
k+l=m
uk(t)lul(t) − iβm
3um(t) for m = 0, 1, 2, · · · . (9)
Therefore, underlying the basis (4) the KdV equation becomes to a hierarchy of infinite first-order ordinary differential
equations. It is easy to solve these ordinary differential equations by the standard integral method,
um(t) = e
−i(−mαu0+βm
3)t[
∫
iα
m−1∑
k,l=1
k+l=m
uk(t
′)lul(t
′)e i(−mαu0+βm
3)t′ dt′ + Cm], (10)
where Cm is integration constant, and u0 also any constant from
du0(t)
dt = 0. When taking C1 = 1, Cm(m ≥ 2) for zero,
u(x, t) =
∞∑
n=1
cne
inte−inx,
cn =
6
n(n2−1)
n−1∑
k,l=1
k+l=n
cklcl (n ≥ 2),
(11)
here c1 = 1, cn is the coefficient. Although the base of the sub-space {e
iknx, n = 0, 1, 2, ...} is incomplete, it is closed
under the operation of the KdV equation. Under the closed condition and Sobolev theorem of embedding, one can
show that the solution is the classical solution of the corresponding equation(Appendix A and B give the proof).
III. CONCLUSION
In conclusion, based on the incomplete basis {e−inx, n = 0, 1, 2, · · ·}, the complex version KdV equation(2) is
discussed. Under the operation of the KdV equation, the basis is closed and forms an invariant set. The classical
periodic solution was obtained in this invariant set. In Appendixes, it is showed that this solution is the classical
solution of the KdV equation.
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IV. APPENDIX A: THE PROOF OF THE CONVERGENCE OF THE PERIODIC SOLUTION
The convergence of the periodic solution
u(x, t) =
∞∑
n=1
cne
inte−inx,
cn =
6
n(n2−1)
n−1∑
k,l=1
k+l=n
cklcl (n ≥ 2),
here c1 = 1, is discussed as follows: Considering the convergence of module of coefficients. It is obvious that
0 ≤ |cn| ≤
6
n(n2 − 1)
n−1∑
k,l=1
k+l=n
|ck|l|cl| ≤ 1 for n = 1, 2, · · · .
Then for arbitrary given 0 < ǫ < 1/2, one can show inductively that |cn| ≤
A
n3/2+ǫ
, where A ≥ 1 is a constant
depending on ǫ. Note that
Sǫ =
∞∑
n=1
1
n3/2+ǫ
< ∞
and inequality
n∑
k=1
1
kα
≤
n∑
k=1
∫ k+1
k
2
xα
dx = 2
∫ n+1
1
1
xα
dx ≤
2(n+ 1)1−α
1− α
.
Without loss of generality, take A ≥ 64. it is obvious that
Bn =
6n2(3/2+ǫ)
n(n2−1) {
[n−12 ]∑
l=1
1
l1/2+ǫ(n−l)3/2+ǫ
+
n−1∑
l=[n−12 +1]
1
l1/2+ǫ(n−l)3/2+ǫ
}
≤ 6n
2(3/2+ǫ)
n(n2−1) {
23/2+ǫ
n3/2+ǫ
n−1∑
l=1
1
l1/2+ǫ
+ 2
1/2+ǫ
n1/2+ǫ
n−1∑
l=1
1
(n−l)3/2+ǫ
}
≤ 6n
2(3/2+ǫ)
n(n2−1) {
25/2+ǫ(n+1)1/2−ǫ
(1/2−ǫ)n3/2+ǫ
+ 2
1/2+ǫSn
n1/2+ǫ
}.
where Bn =
6n2(3/2+ǫ)
n(n2−1)
n−1∑
l=1
1
l1/2+ǫ(n−l)3/2+ǫ
. It is obvious that Bn → 0 at n → +∞, so there exists n0 to make Bn ≤ 1
at n ≥ n0. Thus take A = max{64, n
3/2+ǫ
0 }, for given A. It is natural to draw a conclusion that the periodic solution
(11) is convergent.
V. APPENDIX B: THE PROOF OF THE CLASSICAL SOLUTION
The first proof, the solution(11) is weak solution.
For 0 ≤ t1 < t2 ≤ T, Qt1,t2 = R × [t1, t2]. Definition: u ∈ C(QT ) is periodic weak solution with periodicity P of
the KdV equation, if u satisfy
∫ t2
t1
∫ P
0
{u(−ϕt + αϕxx − βϕxxx) −
1
2
u2ϕx}dxdt = 0,
where ϕ(x, t) ∈ C∞(Qt1,t2), ϕ(·, t1) = ϕ(·.t2) = 0, and ϕ is a periodic function with periodicity P for variable
x. The following we take P = 2π. Assuming RN (x, t) = u(x, t) −
N∑
n=0
un(t)e
−inx, from Appendix A, it reads
RN (x, t)→ 0, as N →∞. Definition IN is
IN =
∫ t2
t1
∫ 2π
0
{ϕ(DtuN + αDxxuN + βDxxxuN +
1
2
Dx(u
2
N ))}dxdt,
3
where subscript x, t denote differential, uN (x, t) =
N∑
n=0
un(t)e
−inx. Apparently, IN tends zero as N → ∞. Thus it’s
show that the solution of the KdV equation is a weak solution by definition.
The second proof, the weak solution is classical solution.
Note the solution(11), following two conclusions have been showed:
(i), ∀A > 0, 0 < ǫ < 12 , |cn| ≤
A
n
3
2
+ǫ
(n = 1, 2, · · ·).
(ii), For arbitrary η ∈ C∞0 (−∞,∞), φ(x, t) ∈ C
∞(R2), where φ(x, t) is a periodic function with respect to the
variable x, u(x, t) satisfies
∫
∞
−∞
dt
∫ 2π
0
{u(x, t)[−(η2φ)t + η
2(αφxx − βφxxx)] −
1
2
η2u2φx}dx = 0
Based on the conclusions (i) and (ii), a standard step can be applied, it is easy to show that the formal solution (11)
is infinitely differentiable and must be the classical solutions of the KdV equation at t > 0. (The similar conclusion
can be draw at t < 0.)
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